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Abstract 



We consider a nearest-neighbor, one dimensional random walk {Xn}n>o in a random i.i.d. 
environment, in the regime where the walk is transient but with zero speed, so that X„ is of order 

for some s < 1. Under the quenched law (i.e., conditioned on the environment), we show that 
no limit laws are possible: there exist sequences {uk} and {xk} depending on the environment 
only, such that X„j. — Xk = o(lognfe)^ (a localized regime). On the other hand, there exist 
sequences {tm} and {sm} depending on the environment only, such that log tm/ log Sm s < 1 
and Pu>{Xt^l Sm < — s- 1/2 for all a; > and — s- for a; < (a spread out regime). 
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1 Introduction and Statement of Main Results 

Let 17 = [0, 1]^, and let T be the Borel a-algebr a on f2. A random environment is an f2- valued 
random variable lo — {uji}ii£z with distribution P. In this paper we will assume that P is a 
product measure on Q. 

The quenched law for a random walk A„ in the environment lu is defined by 



is the space for the paths of the random walk {Xn}neN, and G denotes the cr— algebra 
generated by the cylinder sets. Note that for each uj e ft, P^^ is a. probability measure on G, and 
for each G G G, P^{G) : {^,^) [0, 1] is a measurable function of oj. Expectations under the 
law P^ are denoted E^. 

The annealed law for the random walk in random environment A„ is defined by 
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P^(Ao=x) = l, and P^(X„+i =j|X„ = z 




if j=z + l, 

a j = i-i. 




For ease of notation we will use and P in place of and P" respectively. We will also use 
P^ to refer to the marginal on the space of paths, i.e. P"^(G) = P^(f] x G) = Ep [P^{G)] for 
G G G- Expectations under the law P will be written E. 

A simple criterion for recurrence and a formula for the speed of transience was given by Solomon 
in [14]. For any integers i < j define 

1 — U) 

Pi = -, and Hi J = TT Pfc , (1) 

and for x G Z define the hitting times 

T,j: := min{n > : Xn — x} . 

Then, Xn is transient to the right (resp. to the left) if Ep{logpa) < 0, (resp. Eplogpo > 0) and 
recurrent if -Ep(logpo) — (henceforth we will write p instead of po in expectations involving 
only Po). In the case where Eplogp < (transience to the right), Solomon established the 
following law of large numbers 

Xn .. n 1 
vp := hm = lim — — , P — a.s. 

n^oC' n n^oo Tn ETi 

For any integers i < j define 

3 

M/.,=^nfc,„ and W,=Y,Iik,,. (2) 

k—i k<~j 

When Ep logp < 0, it was shown in [14],[15] that 

EiTj+i = 1 + 2Wj <oo, P-a.s., (3) 

and thus vp — 1/(1 + 2EpWo). Since F is a product measure, EpWo = J^kLi {^pp)^- 
particular, wp = if Epp > 1. 

Kesten, Kozlov, and Spitzer [10] determined the annealed limiting distribution of a RWRE 
with Eplogp < 0, i.e. transient to the right. They did that by first establishing a stable limit 
law of index s for T„, where s is defined by the equation 

Epp' = 1 . 

In particular, they showed that when s < 1 there exists a 6 > such that 

lim P f ^ <x)^ Ls.bix) , 

and 

lim P f ^ < = 1 - i.,6(x-i/^), (4) 



n — *oo \ 



where Lg^b is the distribution function for a stable random variable with characteristic function 

Ls.hit) = exp ^h\t\' (\ - z 1^ tan(7rs/2)^ | . (5) 

The value of h was recently identified ^ . While the annealed limiting distributions for transient 
one-dimensional RWRE have been known for quite a while, the quenched limiting distributions 
have remained largely unstudied until recently. Goldsheid 7J and Peterson [13] independently 
proved that when s > 2, a quenched CLT holds with a random (depending on the environment) 
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centering. Previously, in [T^] and [T5] it was shown that the hmiting statement for the quenched 
CLT with random centering holds in probability rather than almost surely. No other results of 
quenched limiting distributions are known when s < 2. 

In this paper, we analyze the quenched limiting distributions of a one-dimensional transient 
RWRE in the case s < 1. One could expect that the quenched limiting distributions are of 
the same type as the annealed limiting distributions since annealed probabilities are averages 
of quenched probabilities. However, this turns out not to be the case. In fact, a consequence of 
our main results, Theorems 11.11 and 11.31 below, is that the annealed stable behavior of r„ 
comes from fluctuations in the environment. 

Throughout the paper, we will make the following assumptions: 

Assumption 1. P is a product measure on such that 

Ep logp < and Epp" = 1 for some s £ (0, 1) . (6) 

Assumption 2. There exists Pmax < oo such that P(p < Pmax) — 1, and the distribution of 
log/9 is non-lattice under P. 

Note: Since Epp'' is a convex function of 7, the two statements in ^ give that Epp^ < 1 for all 
7 < s and Epp'^ > 1 for all 7 > s. Assumption [1] contains the essential assumptions necessary 
to be in the transient, zero-speed regime. The technical conditions contained in Assumption [2] 
simplify our argument; we recall that the non-lattice assumption was also invoked in [lOj . 

Define the "ladder locations" i^i of the environment by 

J inf{n > : n^,_^.n-i < 1}, i> 1, 

vq — 0, and ^'i = < . i' ) 

[sup{j < Ui+i : Ukj-i < 1, Vfc < j}, I < -I. 

Throughout the remainder of the paper we will let v = i>i. We will sometimes refer to sections 
of the environment between z/i_i and i^i as "blocks" of the environment. Note that the block 
between and vq is different from all the other blocks between consecutive ladder locations. 
Define the measure Q by Q{-) := P{-\TZ), where the event 

7^ := e : n_fc,_i < i, vfc > i}. 

Note that P{TZ) > since Ep log p < 0. Then, Q is defined so that the blocks of the environment 
are i.i.d. under Q, all with distribution the same as that of the block from to under P. In 
Section [3] we prove the following annealed theorem: 

Theorem 1.1. Let Assumptions^^ and\^ hold. Then there exists a 6' > such that 

lim Q [ ^'^j!'" < a; ) = Lsy{x). 

n^oo \ Ti ' / 

We then use Theorem 11.11 to prove the following two theorems which show that P — a.s. 
there exist two different random sequences of times (depending on the environment) where the 
random walk has different limiting behavior. These are the main results of the paper. 

Theorem 1.2. Let Assumptions]^ and\^ hold. Then P-a.s. there exist random subsequences 
tm ~ tm{^) o,nd Urn = Um{'-^) , such that for any 5 > Q, 

Theorem 1.3. Let Assumptions]^ and\^hold. Then P-a.s. there exist a random subsequence 
rifc^ = nk„X'^) of Uk — 2^ and a random sequence tm = tm(w), such that 

logtrn 1 

hm = -, 

m^oo logrifc^ S 
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and 



rik^ J i i/0<a::<oo 



Note that Theorems 11.21 and 11.31 preclude the possibhty of a quenched analogue of the an- 
nealed statement (|4|). It should be noted that in |6], Gantert and Shi prove that when s < 1, 
there exists a random sequence of times tm at which the local time of the random walk at a 
single site is a positive fraction of tm- This is related to the statement of Theorem II. 2 [ but we 
do not see a simple argument which directly implies Theorem 11.21 from the results of [Hj . 

As in [10] , limiting distributions for Xn arise from first studying limiting distributions for T„. 
Thus, to prove Theorem II. 31 we first prove that there exists random subsequences Xm = a^mC'^) 



\AVrV^ / J-oo \/27r 

We actually prove a stronger statement than this in Theorem 15.71 below, where we prove that 
all Xm "near" a subsequence rik^ of rik = 2^ have the same Gaussian behavior (what we mean 
by "near" the subsequence nj-^ is made precise in the statement of the theorem) . 

The structure of the paper is as follows: In Section [2] we prove some introductory lemmas 
which will be used throught the paper. Section[3]is devoted to proving Theorem ll.il In Section 
|4] we use the latter to prove Theorem 11.21 In Section [5] we prove the existence of random 
subsequences {uk} where is approximately gaussian, and use this fact to prove Theorem 
11.31 Section [S] contains the proof of the following technical theorem which is used throughout 
the paper. 

Theorem 1.4. Let Assumptions]^ and\^ tiold. Then there exists a constant Kao G (0,oo) such 
that 

QiE^n >x)^ K^x-' 

The proof of Theorem 11.41 is based on results from [9] and mimics the proof of tail asymptotics 
in [TU]. 



2 Introductory Lemmas 

Before proceeding with the proofs of the main theorems we mention a few easy lemmas which 
will be used throughout the rest of the paper. Recall the definitions of Hi k and Wi in ^ and 

Lemma 2.1. For any c < —Eplogp, there exist Sc,Ac > such that 

P(ni,fc > e--'^) = P (^lj2\ogp, > -c^ < A,e-'^\ (8) 



Also, there exist constant Ci, C2 > such that P{y > x) < CiC for all x > 0. 

Proof. First, note that due to Assumption [1] logp has negative mean and finite exponential 
moments in a neighborhood of zero. If c < —Eplogp, Cramer's Theorem (see [3], Theorem 
2.2.3) then yields ([8|). By the definition of 1/ we have P{i^ > x) < P{Ilo^ix\-i > 1)) which 
together with ^ completes the proof of the lemma. □ 

From [HI Theorem 5] , there exist constants K, Ki > such that for all i 

P{W, > x) ^ Kx^', and P{Wi > x) < Kix~' . (9) 

The tails of W-i, however, are different (under the measure Q), as the following lemma shows. 
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Lemma 2.2. There exist constants C3, C4 > such that Q{W-i > x) < C^e for all x>Q. 

Proof. Since n,;._i < 1, Q — a.s. we have W-i < k + X]i<-fc fo^' ^ > 0. Also, note 

that from 1^ we have Q(n^k-i > < AcC"^'^ / P{n). Thus, 

Q{W-i > < Q ^1 + ^ e""*^ > + Q (n_fc,-i > e-"^ for some fc > | 

00 

□ 

We also need a few more definitions that will be used throughout the paper. For any i < k, 

k 00 

R,^k^J2u,^j, and i?, :=En»j. (10) 

j=i j=i 

Note that since P is a product measure, Ri^k and Ri have the same distributions as Wi_k and 
Wi respectively. In particular with K, Ki the same as in 

P{R^> x) Kx-', and P{R^ > x) < Kix-" . (11) 



3 Stable Behavior of Expected Crossing Time 

Recall from Theorem 11.41 that there exists Kao > such that Q{E^T,y > x) ^ KooX^''- Thus 
E^Tu is in the domain of attraction of a stable distribution. Also, from the comments after the 
definition of Q in the introduction it is evident that under Q, the environment oj is stationary 
under shifts of the ladder times Vi. Thus, under Q, {-Ew'^^Tiyijiez is a stationary sequence of 
random variables. Therefore, it is reasonable to expect that n^^^'^ E^^Ty^^ = n~^/* X^ILi ^^u'^^Tiy. 
converge in distribution to a stable distribution of index s. The main obstacle to proving this is 
that the random variables E^'^^T^. are not independent. This dependence, however, is rather 
weak. The strategy of the proof of Theorem 11.11 is to first show that we need only consider the 
blocks where the expected crossing time Eu^^T^. is relatively large. These blocks will then be 
separated enough to make the expected crossing times essentially independent. 

For every k E Z, define 

Mk ■■= ma.x{Ily^_^j : Vk-i <j< i^k}- (12) 
Theorem 1 in j[8j gives that there exists a constant C5 > such that 

Q{Ah >x)^ C^x^'. (13) 

Thus Ml and E^T^ have similar tails under Q. We will now show that E^T^ cannot be too 
much larger than Mi. From ([3]) we have that 

1=0 1=0 

From the definitions of v and Mi we have that -Ri,i/-i < {v — i)Mi < vMi for any Q < i < v. 
Therefore, E^T^ <v + 2W-ivMi + 2v'^Mi. Thus, given any < a < /3 and 5 > we have 

Q{E^Ty > 6n>^, Ml < n") < Q{i^ + 2W^ivn°' + ^v^n"" > Sn^^) (15) 
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where the second inequahty holds for all n large enough and the last equality is a result of 
Lemmas 12.11 and 12.21 We now show that only the ladder times with Mk > contribute 
to the limiting distribution of n~^/ ^ E^^T^^. 

Lemma 3.1. For any e > and any (5 > there exists an r/ > such that 
lim Q ( V(i?^'-^r,JlM,<„(i-.)/. > Sn'^A - o{n-^). 
Proof. First note that 



nQ (e^T^ > n(i-4)/",Mi < n^^-^^^' 



By psp , the last term above decreases faster than any power of n. Thus it is enough to prove 
that for any 6,e > there exists an 77 > such that 

Next, pick C e (1, i) and let Jc^e.k.n := |i < n : n^^-^'^''/'' < E'^'-^T^^ < n^^-'^""'^)/'' |. Let 
ko — ka{C, e) be the smallest integer such that (1 — C'^e) < 0. Then for any fc < /cq we have 

where the asymptotics in the last line above is from Theorem 11.41 Letting 77=|(-i — C)we 
have for any k < that 

gj J2 C-T,, ><5n2/^] -o(n-"). (16) 

\^6Jc,e,fc,,^ / 

Finally, note that 

Q E^^"' '-^''')-^B^'"'T,.<n(i-c*o-'^)/= - '^"^^'^ - l„i + (i-c'=o-i.)/.>i-„i/.- (17) 



However, since C''°e > 1 > Cs we have C''° > s, which implies that the right side of p7l 
vanishes for all n large enough. Therefore, combining p6p and p7p we have 



\' = 1 / fe=l \«e/c,e.fc,n 



ko 



□ 
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In order to make the crossing times of the significant blocks essentially independent, we 
introduce some reflections to the RWRE. For n — 1,2,..., define 

[log'WJ. (18) 

Let be the random walk that is the same as Xt with the added condition that after reaching 
Uk the environment is modified by setting lo^^._^^ — 1 , i.e. never allow the walk to backtrack 

more than log^(n) ladder times. Denote by Ti"^ the corresponding hitting times. The following 
lemmas show that we can add reflections to the random walk without changing the expected 
crossing time by very much. 

Lemma 3.2. There exist B,S' > such that for any a; > 



Proof. First, note that for any n the formula for iJ^^Ti"'' is the same as for E^jTy in ^1)) except 
with Pv^i,^ ~ 0. Thus E^Tu can be written as 

E^T, = i;^ri"' + 2(1 + VK,_,„-i)n,_,^,_ii?o,.-i. (i9) 

Now, since v-b^ ^ have 

Q (n._,„,-i > e-^"") < £ Q (n_fe,_i > e--'^) < £ -^P (n_fe,_i > e-='=) . 

Applying ([5]), we have that for any < c < — Ep log p there exist A',dc > such that 
Q (ni._,^ _i > e"^''") < A'e'^-^'''^. Therefore, for any x > Oi, 

Q (e^T, - E^fir^ > x) < Q (2(1 + M^._,„_i)n,_,^,_ii?o,,-i > x) 

< Q (2(1 + W,_,^-i)Ro,,-i > xe^'") + A'e'^^''" 

= Q (2(1 + W-i)Ro,,-i > xe^''") + A'e-^=^", (20) 

where the equality in the second line is due to the fact that the blocks of the environment are 
i.i.d under Q. Also, from (fT4|) and Theorem 11.41 we have 



Q (2(1 + W^i)Ro,,-i > xe^^-) < Q {E^T, > xe'''") ~ K^x-'e-''''- . (21) 

Combining ([20|) and (f2T|) finishes the proof. □ 
Lemma 3.3. For any a; > and e > 0, 

Q (£;„Tj") > xr^l/^Ml > n^^"^)/^) ^ K^x-'^. (22) 

Proof. Since adding reflections only decreases the crossing times, we can get an upper bound 
using Theorem 1 1.4[ that is 

Q (^E^T^^^ > xn^/',Mi > n^i"^)/^) < QiE^T, > xn^^') ~ K^oX-'^ (23) 
To get a lower bound we first note that for any S > 0, 

Q (e^T, > (1 + 5)xn^''') < Q (e^tI''^ > xn^'^Mi > n'-^-'^/'^ + Q [e^T, - E^T^^^ > 6xn^^'^ 

+ Q {e^T, > (1 + 5)xn^'\Mi < n<-^-'^/'^ 

< Q (e^tI''^ > xnl/^ Ml > + o(l/n), (24) 

where the second inequality is from and Lemma [3.21 The asymptotics in then follow 

from ([231) and ([24]) by using Theorem [Ol and then letting S ^ 0. □ 
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Our general strategy is to show that the partial sums 

1 " 

k=l 

converge in distribution to a stable law of parameter s. To establish that, we will need bounds 
on the mixing properties of the sequence £'i!'°~'^Ti"''lj\^^>„(i-e)/s . As in we say that an array 
{^n,fc : fc € Z, n € N} which is stationary in rows is a— mixing if lim/j^oo limsup^^o^ OLn{k) = 0, 
where 

a„(fc) ~ sup {|P(A r\B)- P{A)P{B)\ : A e a (. . . , ^ru-i, 6ko) .Be<J (e„,fc, ^n.fc+i, •••)}■ 

Lemma 3.4. For any < e < ^, under the measure Q, the array of random variables 

{£'^'°"'T'i"-'lMs,>„(i-s)/.}fcgz,nGN is a-mixing, with 

sup a„(fc) = o(n"^+^'^), a„(fc) = 0, Vfc > log^ n. 

fce[l,log^ n] 

Proof. Fix e G (0, \). For ease of notation, define S^n,k -E'^'" ^T'ir'lAffc>n(i-e)/= ■ As we 
mentioned before, under Q the environment is stationary under shifts of the sequence of ladder 
locations and thus £,n,k is stationary in rows under Q. 

If /c > log^(n), then because of the reflections, a {. . . ,^n,-i, Cn,o) and a {^n,k,in,k+i, ■ ■ •) are 
independent and so a„(A:) = 0. To handle the case when k < log^(n), fix A G cr (. . . , ^n,o) 
and B ^ a {S,n.k: Cn,fc+i, ■ ■ Oi and define the event 

Cn,e ■■= {Mj < for 1 < j < 6„} = = 0, for 1 < j < &„}. 

For any j > b„, we have that ^„.j only depends on the environment to the right of zero. Thus, 

QiAnBn Cn,e) = QiA)QiB n c„,e) 

since BnC„,e e (t(u;o,wi, • • .)• Also, note that by ((T3|) we have P(C^ J < 6„Q(Afi > n^^-'^)/^) = 
o(n-i+2^). Therefore, 

\Q{A nB)~ Q{A)Q{B)\ < \Q{A nB)-Q{AnBn C„,e)| 

+ \QiA nBn Cn,e) - Q{A)Q{B n Cn,e)\ 

+ QiA)\Q{B n C„,e) - Q{B)\ < 2Q{C'„J = 0(7.-1+2^) 

□ 

Proof of Theorem 

First, we show that the partial sums 

1 " 

fe=l 

converge in distribution to a stable random variable of parameter s. To this end, we will apply 
[m Theorem 5.1(111)]. We now verify the conditions of that theorem. The first condition that 
needs to be satisfied is: 

lim uQ (7i-i/^S^Ti")lM,>„(i-.)/. >x]= Koox-'. 

n — *oo \ J 

However, this is exactly the content of Lemma 13.31 

Secondly, we need a sequence to„ such that to„ — > 00, m„ = o(n) and na„(m„) — s- and such 
that for any (5 > 0, 

Jim ^nQ (i?^T(")lM,>„(i-.)/. > ^n^' ^E^^n^^X^,^^^^,,,.-.,, . > Sn^/^) = 0. (25) 
~^ fe=i 
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However, by the independence of Mi and Mk+i for any fc > 1, the probabihty inside the sum 
is less than Q{Mi > n^i"'')/^)^. By ^ this last expression is ~ 0511-'^+^^. Thus letting 
rrin = v}l'^~^ yields (pS)) . (Note that by Lemma na„(m„) = for all n large enough.) 
Finally, we need to show that 



lim lim sup nEq 

S ^0 7) — >ryn 



= 0. 



(26) 



Now, by (|23p there exists a constant Cq > such that for any x > 0, 
Then using this we have 



uEq 



< Cfi / X "dx 



1 - s 



where the last integral is finite since s < 1. (|26p follows. 

Having checked all its hypotheses, [Til Theorem 5.1 (HI)] applies and yields that there exists 
a 6' > such that 



\ k=l 



where the characteristic function for the distribution Ls,b' is given in 
distribution of -^^E^^T^^ we use and re-write this as 



M, <xj ^Ls,b'{x), (27) 

To get the limiting 



1 1 " _ 



fe=l 



1 



(28) 

(29) 
(30) 



Lemma |3. II gives that (1291) converges in distribution (under Q) to 0. Also, we can use Lemma 
to show that (|30p converges in distribution to as well. Indeed, for any 6 > 



Therefore n~^/'^E^T^^ has the same limiting distribution (under Q) as the right side of 
which by (j27p is an s-stablc distribution with distribution function La^'. □ 



4 Localization along a subsequence 

The goal of this section is to show when s < 1 that P-a.s. there exists a subsequence tm = tm{^^) 
of times such that the RWRE is essentially located in a section of the environment of length 
log^(t„i). This will essentially be done by finding a ladder time whose crossing time is much 
larger than all the other ladder times before it. As a first step in this direction we prove that with 
strictly positive probability this happens in the first n ladder locations. Recall the definition of 
Mk, c.f. 



9 



Lemma 4.1. For any C > 1 we have 

liminf Q 3k e [1, n/2] : Mk > C V E^'-'fj)''^ > . 

Proof. Recall that ri"-* is the hitting time of x by the RWRE modified so that it never backtracks 
bn ~ [log^(ri)J ladder locations. 

ha 

one A: < n with Mfc > CY.k^^<n E^J'^T^f ■ Therefore 



To prove the lemma, first note that since C > 1 and E'^ ^ T^"-* > there can only be at most 



3k e [l,n/2] : Mfe > C = E Q ( > C (31) 

Now, define the events 

F„ :^ {vj - vj^i < bn, -bn < J < n}, Gk^n,e {Mj < k<j<k + b„}. (32) 

Fn and Gk,n,e are both typical events. Indeed, from Lemma [2 . 1 1 Q (f ^ ) < (6„ + n)Q{v > bn) — 
0(ne-<^2''"'),'and from ^ we have Q{Gl^n,e) ^ KQ{Mi > n^^-'^'") = o{n-^+'^^). Now, from 
([3]) adjusted for reflections we have for any j that 

Vj—I 

= (z/j -i/j„i) + 2 Y n,,i + 2 ^ n,,^^._,_in^^„,,, 

where we used the fact that Hi^^^- ^-i < 1 for all i < Vj-i in the last inequality. Then, on the 
event F„ n Gk,n,e we have for fc + 1 < j < A: + 5„ that 

E^J-^T^'^^ <bn + 262^(1-^)/'^ + 263n(i-")/'^ < 56^r^(l-'=)/^ 

and for the second inequality we used that on the event Fn H Gk.n,s we have Vj — Vj-i < bn and 
Ml < n^^~^^/'*. Then, using this we get 

Q[Mk>C Y K'-'T(,"^ > Q > G {e^T^^I + 564n(i--)/^ + iJ^'^+^-f j,^)) , F^, G^^n, 

>Q(A4>Cnl/^ iyk-i^k^i<b„ 

where := Fn\{iyk — ^k-i < ^ji}- In the last inequality we used the fact that E^'^^tI"^^ is 
independent of Mk for j < k or j > k + bn- Note that we can replace F„ by F„ in the last line 
above becuase it will only make the probability smaller. Then, using the above and the fact 
that £;^ri"2i + i^^^+'^Ti"^ < E^T^^ we have 

Q[Mk>G Y K'-'T^"; 

\ kjijKn 

> Q [Mk > Gn^l', Vk - Vk-x < bn) Q [e^T,,^ < n^'' - 56„n(l-^)/^ F„, Gfe,„,,) 

> (q(Mi > Cn^'') - Q{v > bn)) {Q{E^n^ < ni/^(l - 55„77-^/^)) - Q(F,^) - Q(G^.,,,j) 

^C^G-'Lsil)-, 
n 
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where the asymptotics in the last hne are from p3p and Theorem 11.11 Combining the last 
display and (j3ip proves the lemma. □ 

In Section [31 we showed that the proper scahng for E^T^^ (or E^T!yf>) was n The 
following lemma gives a bound on the moderate deviations, under the measure P. 

Lemma 4.2. For any 5 > Q, 

P (e^T^^ > n^^'+^^ = o(n-'5^/2) . 

Proof. First, note that 

P{E^T,^ > n^''+^) < P{E^T2un > n^''+^) + > 2Dn) , (33) 

where v := Epv. To handle the second term on the right hand side of ((33l) we note that since m„ 
is the sum of n i.i.d. copies of ui and since v has exponential tails we have that from Cramer's 
theorem O Theorem 2.2.3] that P(vn/n > 2D) = 0(e~*'") for some S' > 0. 
To handle the first term on the right hand side of ([55)) we note that for any 7 < s we have 
Ep{E^Ti)^ < 00 This follows from the fact that P{E^Ti > x) = P{1 + 2Wo > a;) ~ K2''x-'' 
by ([3]) and ([9|). Then, by Chebychev's inequality and the fact that 7 < s < 1 we have 

p(fT < (^'-" ^"''^^y ^ 2DnEp{E^T,r 

Then, choosing 7 arbititrarily close to s we can have that this last term is o{rr^^/'^). □ 
Throughout the remainder of the paper we will use the following subsequences of integers: 

nk = 2^ , dk = nk- rik^i (35) 

Note that rik-i = y/nk and so dk ^ rik as fc — > 00. 
Corollary 4.2.1. For any k define 

fik := max {i;i;^-if ) : n^.i < j < n^} . 



Then 



Proof. Let e > 0. Then, 



lim _, = 1, P — a.s. 



< P (e^T^^-^ > nl/^+') + P (E^n^y - < e-'n]/^+' 



Lemma [U gives that P (^E^t!)^^^^ > n]/^+^^ > P [e^T^^^_^ > 4-^"^) = oi^ltT)- To 
handle the second term in the right side of (|36p . note that \i 5 < j^, then the subsequence 
rifc grows fast enough such that for all k large enough n^^" ^ > e^^n]/j^^ . Therefore, for k 
sufficiently large and S < we have 
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However, E^t!)'^1^ - fik < nl^' ^ implies that Mj < E^'-^T^J^"^ < nj' ^ for at least - 1 of 
the j < Uk- Thus, since P{Mi > nj,^" ^ C^n'f^^^^'' , we have that 

P (E^nt"^ - f^, < e-\l/^+') < n, {l-P (Mi > n]J^^')Y''~' = o{e~<"^) . (37) 

Therefore, for any e > and 5 < we have that 

By our choice of n^, the sequence n^^^jl"^ is summable in fc. Applying the Borel-Cantelli lemma 
completes the proof. □ 

Corollary 4.2.2. P—a.s. there exists a random subsequence jm — jmi^) such that 

M,^ > m^E^fj;>2l, . 

Proof. Recall the definitions of and dk in Then for any C > 1, define the event 

Du,c {3j e {nk-i,nk-i + : M, > C (e'J"-' T^'^':] + K^T^j^^^) } . 

Note that due to the reflections, the event -Dfe,c depends only on the environment from Vnk-i-h^^ 
to Vuk-i- Then, since Uk-i — hd^ > «fc-2 for all > 4, we have that the events {D2k,c}kL2 ^•re 
all independent. Also, since the events do not involve the environment to the left of they have 
the same probability under Q as under P. Then since Q is stationary under shifts of Vi we have 
that for fc > 4, 

P{Dk,c) = Q{Dk,c) - Q {^J e [1, 4/2] : M, > C (e^U'^-] + E'-jT^ll^)) . 

Thus for any C > 1, we have by Lemma l4Tl that liminffc^oo P{P)k,c) > 0. This combined with 
the fact that the events {P>2k,c}kL2 independent gives that for any C > 1 infinitely many of 
the events D2k,c occur P — a.s. Therefore, there exists a subsequence km of integers such that 
for each m, there exists j„j g (nfc^„i, nk„^-i + dk^/2] such that 

> (E>--^fit-\ + E'j-ftz^) = (E>--^fitl2^ " ^'^-) ' 

where the second equality holds due to our choice of jm , which implies that ^fc,„ — E^''" ^ ^ tI)^^"' "* . 
Then, by Lemma [4.2. II we have that for all m large enough, 

Mj^^ > 2m iE^ " Tt,,^Z - fJ-k^) > m {E^Tt,^^ - fj.k,„j > m EJ"" T^j^ , 

where the last inequahty is because = ^^^''""^T'ij^'"''. Now, for all k large enough we have 
rik-i + dk/2 < dk- Thus, we may assume (by possibly choosing a further subsequence) that 
jm < as well, and since allowing less backtracking only decreases the crossing time we have 

Mj^ > m^E^f!)2'2! > m^E^fl^'.2-i ■ 

□ 

The following lemma shows that the reflections that we have been using this whole time 
really do not affect the random walk. We prove a slightly more general version than we need 
for this section because we will use this lemma again in Section [5l 
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Lemma 4.3. Let m„ he a sequence of integers such that — o{mn) for some 77 > 0. Then 

lim fr,„ ^ T("")) =0, P- a.s. 



Proof Let e > 0. By Chebychev's inequality, P [p^ (t^„ ^ Ti""') > ^) ^ ^^^^ i^^r, + ri,?"'') ■ 

Thus by the Borel-Cantelh lemma it is enough to prove that P [Py^^ ^ T'i™"'' j is summable. Now, 

the event {Tly^ 7^ T'i™"''} implies that there is an i < f„ such that after reaching i for the first 
time, the random walk then backtracts a distance of 6m„. Thus, again letting v — Epv we have 



2iyn 



P (t^^ ^ r^""^) < PC;^™ > 2i^7i) + ^PXTi_6„^^ < 00) = P(t/„ > 2z>?i) + 2z>nP(T_t,„^ < 00) 

As noted in Lemma P{i^n > 2Dn) — 0{e~^ "), so we need only to show that nP{T^i,„^^ < 00) 
is summable. However, [B] Lemma 3.3] gives that there exists Cg such that for any fc > 1 , 

P(T_fc < 00) < e"^«'= . (38) 

Thus nP(T_fc,^^^ < 00) < rte^'^*'^''™"-' which is summable by our assumptions on m„. □ 

We define the random variable Nt :— maxjfc : 3n < t, Xn — Vk} to be the maximum number 
of ladder locations crossed by the random walk by time t. 



Lemma 4.4. 

t^'oo \og\t) 



hm — = 0, 



Proof. Let 5 > Q. If we can show that Ylt=i ^(1^* " > Slog t) < 00, then by the Borel- 
Cantelli lemma we will be done. Now, the only way that Nt and Xt can differ by more than 
S log^ t is if either one of the gaps between the first t ladder times is larger than S log^ t or if for 
some i < t the random walk backtracks log^ t steps after first reaching i. Thus, 

n\Nt - Xt\ > <51og2 t)<P {3j e [1, i + 1] : J/, - lyj-i > log" t) + tV{T_^siog- < Ti) (39) 

So we need only to show that the two terms on the right hand side are summable. For the first 
term we use Lemma l2. II we note that 

P {3j e[l,t+l]:iyj- uj-i > log2 t) < {t + l)P{i^ > log' t) < {t + l)Cie-^' * , 

which is summable in t. By ([38]) the second term on the right side of ([39| is also summable. □ 

Proof of Theorem [TTE - 

By Corollarv 14.2.21 P-a.s there exists a subsequence jm{uj) with the property that Mj^ > 
rn^Ei^fujl^li. Define t,n = tm{uj) = ^^]^ and u„^ = u„i(w) = i^j^-i- Then, 



Pu ( i [-5, 5] ) < PM,. ^ 3m - 1) + Pu.{\'^m^ -XtJ> (51og2 tra) , 

log t„ 



From Lemma 14.41 the second term goes to zero as to 00. Thus, we only need to show that 

lim P^{Nt^ 1) = 1. (40) 

m — *oo 

To see this first note that 

Po. {Nt^ < 3rn -i) = p^ (T,^„,_i > t™) < p^ (t,^„,_i ^ T^i::L) + p^ {p^zL > t^) . 
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By Lemma [4. 3[ P^j (^2^i^j„,_i 7^ ^i^IT-i j ^ as m ^ oo, P — a.s. Also, by om definition of t^, 
and our choice of the subsequence jm we have 



It stiU remains to show Imim^co Puj {Nt,„ < jm) = 1- To prove this, first define the stopping 
times T+ := min{n > : Xn — x}. Then, 

/ 1 \ / s — Afj, 

{Nt,„ < 3,n) = PUT.,^ > tm) > P^'"--' f r,^,„ > -Mj^) > P>''" (T^4„-i < Tu^. " 

Then, using the hitting time calculations given in [HI (2.1.4)], we have that 
Therefore, since Mj^ < R,j.^_^^i,.^-i we have 



m — >oo 



thus proving (|40p and therefore the theorem. □ 

5 Non-local behavior on a Random Subsequence 

There are two main goals of this section. The first is to prove the existence of random subse- 
quences Xm where the hitting times are approximately gaussian random variables. This 
result is then used to prove the existence of random times im(^) in which the scaling for the 
random walk is of the order instead of log^ as in Theorem 11.21 However, before we can 
begin proving a quenched CLT for the hitting times r„ (at least along a random subsequence), 
we first need to understand the tail asymptotics of Var^^Tu := E^[[Ti, — S^T^)^), the quenched 
variance of T^. 

5.1 Tail Asymptotics of Q{Var^Ty > x) 

The goal of this subsection is to prove the following theorem: 

Theorem 5.1. With Kao > the same as in Theorem \1.4\ we have 

Q {Var^T^ > x) - Q {{E^T^f > x) ^ K^x-"'^ as x ^ oo, (41) 

and for any e > 0, 

g (l^ar-^T^") > xn^^% Mi > n^^"")/") - Ko^x-"/^^ asn^oo. (42) 
Consequently, 

Q (Var^n > <Sr^l/^Ml < n^^-^^/") ^ o{n-^) . (43) 

A formula for the quenched variance of crossing times is given in J_, (2.2)]. Translating to 
our notation and simplifying we have the formula 

Var^Ti := E^Ti - E^Tif = 4(VKo + W^) + 8 ^ Il^+lfi{W, + W^) . (44) 

i<0 
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Now, given the environment the crossing times Tj — Tj_i are independent. Thus we get the 
formula 

j=0 j=0 i<j 

+ 8 ^^+lAW^+Wt). 

Q<i<j<L' 

In particular, Vari^Tj)"''^ < Vari^T^, because the same expansion for Vari^T^,^^ is obtained by 
replacing Wi by Wi,_^^+i,i and restricting the final sum in the second line to v^b^ < i < — 1- 
We want to analyze the tails of Var^T^, by comparison with {E^T^Y . Using (fH|) we have 



3=0 I j=0 j=Q 0<i<i<i/ 



Thus, we have 

{EM'-Var^T,^iy'- + 4{,^-l)J2Wj+8 ^ {W^ ^ U,+i,, ~ U,+i,,W,) (45) 

j=0 0<'i<j<i> 

- 8i?o,.-i (w-i + Wl^+J2 n.+i,-i(W^» + W^)^ (46) 

=:i?+(cj)-8i?o,.-i^"(^). (47) 

The next few lemmas show that the tails of D^{uj) and Rq^^^iD^ {lu) are much smaller than 
the tails of [E^T^f . 

Lemma 5.2. For any e > 0, we have Q {D^{uj) > x) = o(a;~*+^). 

Proof. Notice first of aU that that from (HH) we have i^^ + 4(iy - 1) X^J^o ^ 2vE^Ty. Also we 
can re- write Wj — n^+i j — Wi^i^jWi = Wi+2.j when i < j — 1 (this term is zero when i = j — 1). 
Therefore, 

(I/-3 ly-l \ 

LemmaOand TheoremOgive that Q {2vE^T^ > x) < Q{2v > log^{x))+Q {e^T^ > j^^f^ 

0(2;^''+'^) for any £ > 0. Thus we need only prove that Q J2'j=i+2^i^i+'^,i > x^ — 

o{x^''^^) for any e > 0. Note that for i < we have Wi = Wo,i + no,iW^_i < Uo^i{i + W-i), 
thus 

i—0 j=i+2 J y i=Q j=i+2 

< Q{v > \og''{x)/2) + Q{W^i > \og'{x)/2) (48) 

log^(x)-3 log2(x)-l , , 

+ E E ^ no.M/,+2,,>— J— , (49) 



i=0 j=i+2 



loi'ix) 
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where we were able to switch to P instead of Q in the last line because the event inside the 
probability only concerns the environment to the right of 0. Now, Lemmas 12.11 and 12.21 give that 
is o(a;~*+^) for any e > 0, so we need only to consider (|49p . Under the measure P we have 
that no,i and Wi+2.j are independent, and by © we have P{Wi+2.j > x) < P{Wi+2 > x) < 
i^ix-".Thus, 



P { Ilo,^W,+2,j > 



log^(a:) 



^Ep 



P W,+2.j > 



Ho, 



log°(x)no,, 

Then because i^pIlQ ^ — {Epp^Y = 1 by Assumption [1] we have 



<K^\og''\x)x-'Ep[\lU. 



log2(a;)-3 log2(a;)-l 
i=0 i=i+'2 



\og\x) 



Lemma 5.3. For any e > 0, 



and thus for any 7 < s, 



Q{D-{uj) > x) ^o{x-'+'), 



EQD-{ujy < 00. 

Proof. It is obvious that (jSO]) implies (|5ip and so we will only prove the former. Write 



□ 

(50) 
(51) 



d-{l,) = w^, + wI,+ E Ti,+,^-i{w, + wi)= E E^^^^-i (i + n,, + ^n,,, j . (52) 

i<-l i<-l k<i \ Kk / 

Next, for any c > and n £ N consider the event 

— n<i< — 1 j<i—n 

Now, under the measure Q we have that Ilfe^-i < 1 for all k < —1, and thus on the event i?c,n 
we have 



E E nfe,-i 1 + + E n/,. < 



+ +il + n) E ^« + E 



i<-i fe<j 



i<fc 



(e= - 1)3 



-n<i<-l 



z< — n 



(53) 



Applying Lemma [2. II with c < — i?p log(p), we have that for all i < j, 

Q(n, , > e-<^-'+'h < — ^P(n, , > e-=(^-*+i)) < ^ll-e-«=0-*+i). 

Therefore, 

n 4 „-i5c(n+2) 

QiKn)< E E Q(n,-.-i,-i < e-('-^+i)) < „'^,:;f,^ , ^ o(e-^-"/^). (54) 



-n<'i< — 1 j<i—7i 



P(7^)(l - e-''"^) 



Then, using (j53p with n — [log^ a;J —: bx we have 

Q E E nfe,-i ( 1 + nfc,» + E n^,* J > 
yi<-ifc<i V Kk I I 



(55) 
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If we choose < c < —Eplogp, then applying ([5^ we have that the first two terms are 
decreasing in x of order o(e~'''^''^/^) = o(a;~*"'"^). To handle last two terms in the right side of 
note first that from (O, Q (Wi > a;) < -p^PiWi > x) = ■pj^x~'^ for any a; > and any 
i. Thus, 



Q\ 

,-6^<i<-l 



> 



< 



E 



-b^<i<-l 



3(1 + ba,)h^ 



/2 



3(1 + 5.) 

and since X^i^i e"^*/^ = (e"^/^ — 1)~^, we have 

/ \ / oo oo 

OO 

oo 



\i<-l 



< 



i=l 



p(7^) 



□ 



Corollary 5.3.1. For any e > 0, Q {Ro,i.^iD- (u;) > x) = o(x""+^) 



Proof. From pT|) it is easy to see that for any 7 < s there exists a ii'^ > such that P(i?o,i'-i > 
x) < P{Ro > x) < K^x^^ . Then, letting JF_i — a{. . . ,a;_2,^^-i) we have that 



Q {Ro,,-iD- {lo) > x) ^Eq 



<K^x-^Eq{D-{uj)Y . 



Since 7 < s, the expectation in the last expression is finite by ((5T|) . Choosing 7 = s — | finishes 
the proof. 



Proof of Theorem 15. Vc 
Recall from (gT]) that 

(E^T,f - D+{lu) < Var^T, < [E^T^f + mo,,-iD-{Lo) . 

The lower bound in gives that for any (5 > 0, 

Q(Far^T, > x) > Q {{E^T.f > (1 + ^)a;) - g (i?+(w) > 5x) . 

Thus, from Lemma 15.21 and Theorem 11.41 we have that 

lim x'''^Q{Var^T^ >x)> Xoo(l + 5)-"^'^ . 

X — *oo 

Similarly, the upper bomid in (|56p and Corollary 15.3. II give that for any (5 > 0, 

QiVar^T, > x) < Q {{E^T.f > (1 - 5)x) + Q (8i?o,.-iZ?" (w) > 5x) 
and then Corollarv l5.3.1l and Theorem 11.41 give 

lim x''^Q{Var^T^ > x) < Koo{l - Sy/'^x'"''^ . 



□ 



(56) 



(57) 



(58) 



Letting i5 in ^ and ^ finishes the proof of (|iT|) . 

Essentially the same proof works for ([1^ . The difference is that when evaluating the difference 
(i?.Ti"))2 - yar^ri") the upper and lower bounds in (|45|) and (|46l) are smaller in absolute 
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value. This is because every instance of Wi is replaced by W^_^ < Wi and the sum in ([46]) 
is taken only over i^-b^ < i < —I. Therefore, the following bounds still hold: 

(i;^fi"))' - D+iuj) < Var^T!;^^ < (E^f^'-^^\ 8Ro.,-iD- (lu) . (59) 



The rest of the proof then follows in the same manner, noting that from Lemma 13.31 we have 



5.2 Existence of Random Subsequence of Non-localized Behavior 

Introduce the notation: 

... — pvi-lf(n) 2 fji'i-l (f{n) _ V //^ (60) 

The first goal of this subsection is to prove a CLT (along random subsequences) for the hitting 
times Tn. We begin by showing that for any e > only the crossing times of ladder times 
with Mk > vP-^^^/^ are relevant in the limiting distribution, at least along a sparse enough 
subsequence. 

Lemma 5.4. For any e,5 > Q there exists an ij > such that 

Proof. First, we need an bound on the probability of Var^T!)^^^ being much larger than Mi. Note 
that from 1^ we have Var^fj)'^ < {E^f!)"'^)^ +8Ra,^-iD-{Lj). Then, since Ro,u~i < vMi we 
have 

Q {Var^f^^^ > n^^,Mi < n") < Q (^E^f^''^ > ^,Mi < n"^ + Q (^8iyD-{u;) > . 

By ([T5|). the first term on the right is 0(6""'" °'^^). To bound the second term on the right we 
use Lemmas 12.11 and 15.3.11 to get that for any a < (3 

Q 8iyD-{Lu) > -— ]<Q{iy> log" n) + Q ( D-{uj) > ^ = 0(7.- 1 0/3-")) . 

V ^ / V 16 log nj 

Therefore, similarly to (|15p we have the bound 

Q (^ar^T^") > n'^^, Mi < n") = o{n~i^^'^-"^) . (61) 
The rest of the proof is similar to the proof of Lemma [3. II First, from (l6T|) . 

Therefore, it is enough to prove that for any S,e > there exists t] > such that 
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We prove the above statement by choosing C G (1; §) and then using Theorem 15.11 to get 
bounds the size of the set |i < n : crf„^ g (n^^^"^'^'')/^, n^^^"'^'^'' ^'/*]| for aU k small enough 
so that eC'^ < 1. The remainder of the proof is similar to that of Lemma [3. II and thus will be 



omitted. 

Corollary 5.4.1. There exists an rj' > such that for any m < n and any S > 0, 



□ 



Q 



2 - ^ 



Proof. For any e > 



Q 



2 - ] 



(n ^ 

Lemma [5.41 gives that (j62p decreases polynomially in n. Also, is bounded above by 



(62) 
(63) 

)■ 

(64) 



Q ( E^*'"''^-'-^i<»''"='^° - V 3 

\i=l / 

which is polynomially decreasing by Lemma |3. II Finally (|64p is bounded above by 



KQ(Mi>ra' 



Ct;n we need 



and since by Q {# {i < n : M, > n^^-'^'/"} > n^^) < 

only show that the second term above is decreasing faster than a power of n. However, from 



we have 



^ar^Ti"'^ - {E^Ti}''^f < D+{uj) + 8Ro.^-iD- {uj). Thus, LemmaEJand Corollary 



='(™)\2 



EXT] give that Q 



Var^Tu 



(m) 



(™)\2 



> X 



o{x ) for any e' > 0. Thus, for £ < j-. 



nQ 



Var^fjr^ - {E^flr'^f 



- 3 



o{n' 



which finishes the proof. 



□ 



Since T^^ — '^'^^liT^i — T^i_i) is the sum of independent (quenched) random variables, in 
order to prove a CLT we cannot have any of the first n crossing times of blocks dominating 
all the others (note this is exactly what happens in the localization behavior we saw in Section 
|4]). Thus, we look for a random subsequence where none of the crossing times of blocks are 
dominant. Now, for any 5 £ (0, 1] and any positive integer a < n/2 define the event 

Ss,n,a := {# {^ < Sn : /i^^^^ e [n^/%2n'/')} = 2a, /i' < 2n^^' Vj < Sn] . 

On the event Ss,n,a, '2a of the first Sn crossings times from i>i-i to Vi have roughly the same size 
expected crossing times /ii,n,w, and the rest are all smaller (we work with /i|„ instead of iii^n,u 
so that comparisons with ai^n,ui are slightly easier). We want a lower bound on the probability of 
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(65) 



Ss.n.a- The difficulty in getting a lower bound is that the /if „ ^ are not independent. However, 
we can force all the large crossing times to be independent by forcing them to be separated by 
at least 6„ ladder locations. 

Let Ts^n,a be the collection of all subsets / of [1,(^?t.] n Z of size 2a with the property that 
any two distinct points in / are separated by at least 26„. Also, define the event 

A,n {A.L,.e p/^2n2/^)}. 

Then, we begin with a simple lower bound. 

Q{Ss,n,a)>Qi U (flAn f] {A^k-<"'^'} 
/Gl5.„.a \iel je[l,<5ri]\/ ^ 

Now, recall the definition of the event Gi^n.e from ((32)) . and define the event 

:= [m, < n(i-^)/^ for all j & [i - 6„, i - 1]} . 

Also, for any / C Z let d{j, I) min{|j — i| : i G /} be the minimum distance from j to the set 
/. Then, with minimal cost, we can assume that for any / e Ts_n,a and any e > that all j <^ I 
such that d{j,I) < 6„ have Mj < n^^-'^^/^ Indeed, 

Kiel je[l,<5n]\/ 

\iel je[l.Sn]-d{j,I)>b„ 

-q{ U {4n,.>n'^^M,<n(^-^^/^} 

ie/ \iel je[l,Sn]:d(j.,I)>b„ f 

- AabnQ (e^T, > n^/',Mi < n^^-'^^'^ . (66) 

From Theorem 11.41 and Lemma [3.31 we have (3(^i,„) ^ i^oo(l — 2^'^^^)n^^ . We wish to show 
the same asymptotics are true for Q(Ai^„ n Hi_n,e) as well. From (fT3|) we have (5(i/f „ ,,) < 
bnQ{Mi > n(i"^)/'') = o(n"i+2^). Applying this, along with (US]) and ((T5]), gives that for e > 0, 

Q(A,,„) < Q(A,,„ n i7,,„,e) + Q (a^i > Q(i/f,„,,) + Q (^E^T, > n^l\M^ < n^i-^)/^) 

= Q(A,„ n i7,,„,e) + o(n-2+3e) + o(e-"^''"Y 
Thus, for any e < | there exists a Ce > such that 

QiA^nnH,^„,e)>C,n-\ (67) 
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To handle the next probabihty in note that 



ye/ je[i,5n]:d{],i)>b„ J \]e[i,Sn] J ) 



= Q (e^T,^ < ni/^) - ao(n-i+2^) . (68) 



FinaUy, from ^ we have 4a5„g (i^^T,, > n^/'^Mi < n^^-^'>/'') = ao (^e"" j. This, along 
with dnZl) and ([SSD applied to ^ gives 

An obvious upper bound for i^{Is^n,a) is (2") ^ ^{2ay. • '^'^ ^ lower bound on if{l5.n,a) we 
note that any set / e Is.n,a can be chosen in the following way: first choose an integer ii G [1, Sn] 
{6n ways to do this). Then, choose an integer 12 G [l,Sn]\{j e Z : |j — ii| < 26„} (at least 
Sn — 1 — Ahn ways to do this). Continue this process until 2a integers have been chosen. When 
choosing ij, there will be at least 5n — (j — 1)(1 + 46„) integers available. Then, since there are 
(2a)! orders in which to choose each set if 2a integers we have 

('5")'%^T ^> 1 r\(, ( iVi^A/, (2a-l)(l + 45„)^'" 



(2a)! " ' ' - (2a)! JLJL ' w /v -w. - ^2a)! 
Therefore, applying the upper and lower bounds on =ff{Is,n,a) we get 

(2a)! V y 
Recall the definitions of dk in ^ and define 

ttfe := [loglogfcj V 1, and 4 := a^^ . (69) 
Now, replacing (5, n and a in the above by Sk , dk and afe respectively we have 

Q (5,„,,,J > [I — j [Q [E^n,^ <d, )- aMdk )) 



(2afc)! 

The last inequality is a result of the definitions of Sk,ak, and dk (it's enough to recall that 
d-k > 2^*° \ afc ~ loglogfc, and Sk ^ log log fc ) ' ^^^^ Theorem ll.il Also, since 5k — a^^ we 
get from Sterling's formula that '"'iX^', - '■^^,r' ■ Thus since ah ~ log log A;, we have that 

^ = o ^'^(2alo! ) ' '^^^^j ^-long with (fTU)) . gives that Q {Ss^,dk,ak) > ^ for all k large enough. 
We now have a good lower bound on the probability of not having any of the crossing times of 
the first Skdk blocks dominating all the others. However for the purpose of proving Theorem 
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ll.Sl we need a little bit more. We also need that none of the crossing times of succeeding blocks 
are too large either. Thus, for any < S < c and n E N define the events 

{cn ^ f cn ^ 

< 2n^/'' > , Us,n,c I ^ ^J■i,n,uJ < n'^^" > • 
i=Sn+l J {i=Sn+b„ + l J 

Lemma 5.5. There exists a sequence Ck — > oo, Cfe = o(logafc) such that 

oo 
fc=l 

Proof. For any S < c and a < n/2 we have 

> Q (Ss^um) Q [e^T,^^ < n'/') - bnQ (e^T, > ni/^) 

> Q {Ss,n.a) Q (e^T,^^ < n'/^) - o(n-i/2), (71) 
where the last inequality is from Theorem 11.41 Now, define ci = 1 and for /c > 1 let 

c'k max |c e N : Q [e^T^^,^ < 4^') > ^| V 1 . 

Note that by Theorem 11.11 we have that c'^ oo, and so we can define = c'j. A loglog(aj,). 
Then applying ([7T|l with this choice of Ck we have 



oo oo 



OO, 



k=l k=l 



— 1/2 

and the last sum is infinite because dj. is summable and for all k large enough we have 



igfc' 

□ 

Corollary 5.5.1. With Ck as in Lemma \5.5[ P-a.s. there exists a random subsequence = 
nk^{uj) of Uk — 2^ such that for the sequences arm Pm, ^^^^ 7m defined by 

"m Pm ■= + Sk^dk^, 7m := nk^-i + Ck^dk^, (72) 

we have that for all m 

and 

Proof. Define the events 

Si := {#{z e (nfc_i,nfc_i : & M'^'.S^^')} = Sa,.} 
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infc-l+Cfedfc 
rik-i+Skdk+l 

Note that due to the reflections of the random walk, the event S'f. D U[. depends on the en- 
vironment between ladder locations nk-i — bd^ and rik-i + c^dk- Thus, for fcg large enough 
{82^ n f/2fe}fc^fco ^® independent sequence of events. Similarly, for k large enough 5^ n 
does not depend on the environment to left of the origin. Thus 

for all k large enough. Lemma [5.51 then gives that Y^'^Li P i^-zk ^ ^2k) ~ ''^^'^ the Borel- 
Cantelli lemma then implies that infinitely many of the events ^jj, H CZ-^fe occur P — a.s. Finally, 
note that S'^. implies the event in ([75]) . □ 

Before proving a quenched CLT (along a subsequence) for the hitting times T„, we need one 
more lemma that gives us some control on the quenched tails of crossing times of blocks. We 
can get this from an application of Kac's moment formula. Let Ty be the hitting time of y when 
we add a reflection at the starting point of the random walk. Then Kac's moment formula O 
(6)] and the Markov property give that E^ifyY < jl {Elfy)\ Thus, 

K'-HT!,:^y < E'j-'-'-if^y < ji [ET'-'-f,;)' < ji (K'-^^'-t,,., . (74) 

Lemma 5.6. For any e < ^, there exists an rj > Q such that 

Proof. We use (HH) to get 

Q (3* < n, J e N : Ah > n<^'-'^/^, E'^J-^ {fil^^y > j!2V^;„^^) 

<Q(3i<n:M,> n^^''^/\ E'^'-'-'-f,^_, > /i,,„,^) 

= nQ (a/i > Q (^E^-'-Tq > ^(1-^)/'^) , 

where the second inequality is due to a union bound and the fact that fii^n.uj > Mi. Now, by 
([T3D we have nQ (Mi > n^^"'')/^) ~ Csn" , and by Theorem [Ol 

Q [e^-'-To > n^^-'^/') < b,,Q (^E^n > ^ Koob]+'n-^+' . 

Therefore, Q {^i < n, j €N: Mi> r^(l-^)/^ E!;^-' {Tl)fy > j!2Vl„,^) = o{n-^+^^). □ 

Theorem 5.7. P — a.s. there exists a random subsequence nk,„ — ^^^{ijj) of = 2^ such that 
for ara, Pm ^.^d 7„i as in (1721) and any sequence x„i G [i^/3„, i^7„J, we have 

lim P. ( -Jf^^- <y)^ ^y) , (75) 



m — >oo 



where 



i—am-hl 
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Proof. Let n^^^ (w) be the random subsequence specified in Corollarv l5.5.1l For ease of notation, 
set = ak,„ and dm — rffc„ • We liave 

max < 2dU' < ^ F A^'w = and V /i. J . < Sd^^ 

Now, let {xm}m=i be any sequence of integers (even depending on uj) sucli that Xm G Wi3m > ^7m]- 
Then, since (T^^ - ^^^T^^) = - E^T^^J + (r^,„ - T^^^ - EI^-^T^J, it is enough to 

prove 

^±J^ 0, and — ^ Z ^ iV(0, 1) (76) 

where we use the notation Z„ — ^- Z to denote quenched convergence in distribution, that is 
hm„_>oo Puj{Zn 1^ z) — P^{Z < z) , P — a.s. For the first term in (|75|) note that for any e > 0, 
we have from Chebychev's inequality 



> e I < — ^ — < 



Thus, the first claim in (|76p will be proved if we can show that Var^^T^^^ = o(d^^). For this 
we need the following lemma: 

Lemma 5.8. For any S > 0, 

P (Var^T,^ > = o{n-^'/^) . 

Proof. First, we claim that 

EpVar^T^ < 00 for any 7 < ^ • (77) 
Indeed, from we have that for any 7 < s < 1 

Ep{Var^Tiy < 4-^Ep{Wo + W^r + 8^ ^ (n/^i ^(W, + W^D 

i<0 
00 

= 4^Ep{Wo + W^r + 8^ Y.'^Epp^YEpiWo + W^)\ 

i=l 

where we used that P is i.i.d. in the last equality. Since Epp^ < 1 for any 7 € (0, s), we have 
that ([77|) follows Ep{Wo + Wq)'^ < 00. However, since Wo has the same distribution as Rq, we 
get the latter from Q as soon as 7 < |. 
As in Lemma l4?2] let D = Epv. Then, 



P (Var^T,^ > < P{Var^T2un > n^^'+^) + P{i^n > 2Dn) . 

From Lemma 12. 1[ the second term in the right side decays exponentially in n. To handle the 
first term on the right side, we note that for any 7 < | < 1 



Then since Ep{Var^Ti)'' < 00 for any 7 < |, we can choose 7 arbitrarily close to | so that the 
last term on the right of ^ is oin^^"/^). □ 
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As a result of Lemma and the Borel-Cantelli lemma, we have that Far^T^^^ = o{n^J'^~^^) 

for any 5 > Q. Therefore Var^T^^^^ = o{aVi'^^^) — o{nf/^^f) — o{Sl'^) (here is where we need 
rifc to grow much faster than exponentially in k). 

For the next step in the proof, we show that reflections can be added without changing 
the limiting distribution. Specifically, we show that it is enough to prove the following lemma, 
whose proof we postpone: 

Lemma 5.9. With notation as in Theorem \5.7\ we have 

<y]=Hy). (79) 



rn — >oC' 



Assuming Lemma |5. 91 we complete the proof of Theorem 15 .71 It is enough to show that 
hm P:°" (fif") y^T,J = 0, and hm (T,„ - Tif")) = 0. 

However, since P^^"'- {T^^^ ^ T,,J = Pu^^ (T,^ - P^t^ > 1) < K""' (r,„ - Til"'^), and 
Xm ^ 7m = nk„^-i + Ck^dm < f^fe„+l for all m large enough, it is enough to prove 



lim 

k — *oo 



C'"' fr^„ -Pi,'^'^)^0, P-a.s. (80) 
Now, from Lemma 13.21 we have that for any e > 

Since Uk ^ d^, the last term on the right is summable. Therefore, by the Borel-Cantelli lemma, 

lim e'J"-' fr,„^^^ - T^'^'') ) = 0, Q- a.s. (81) 



This is almost the same as but with Q instead of P. To use this to prove ([50)) note that 
for i > bn using we can write 

where Ai(Lu) and Biicu) are random variables depending only on the environment to the right of 

0. Thus, e!^''-' (t^,, - rij"' ) = A{uj) + B{uj)W-i where A{uj) and 5(0-) only depend on 

the environment to the right of zero (so A and B have the same distribution under P as under 
Q). Therefore ([50)1 follows from ([5T|) . and the proof of the theorem is complete. □ 



Proof of Lemma ] 5. 91 Clearly, it suffices to show the following claims: 



and 



0, (82) 



To prove ([5^ . we note that 



rpidm) _ rp{dm) _ pVDrr.'t^dm) 



" ^Z~jV(0,l). (83) 
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where the last inequaHty is because Xm < 7m and v^.u} > <imdfn^ . However, by Corollary 15.4. II 
and the Borel-Cantelli lemma, 



Ira 



i=/5„ + l 



The application of Corollary 15.4.11 uses the fact that for k large enough the reflections ensure 
that the events in question do not involve the environment to the left of zero and thus have the 
same probability under P or Q. (This type of argument will be used a few more times in the 
remainder of the proof without mention.) By our choice of the subsequence we have 



E ^ 

1=0^+1 



< 



E ^^^,d„ 



Therefore, 



hm P,., 



> £ < lim 



4(?i'' + O ({Ckmdm) 



2/s 



= 0, P-a.s. 



where the last limit equals zero because Ck = o(logafc). 

It only remains to prove (j83p . Since re- writing we express 



E ((Tif'")-r(f.-))-M 



as the sum of independent, zero- mean random variables (quenched), we need only show the 
Lindberg-Feller condition. That is, we need to show 



lim 

m — *oo 



1, P-a.s. 



(84) 



and for all e > 



lim ^ E:-^ (t^ 



To prove ([M]) note that 



f^^,d„ 



0, p-a.s. (85) 



/ f'' - J = ^ ' ' ~ 



y-n^™ 2 



However, again by Lemma 15.4.11 and the Borel-Cantelli lemma we have '^^la^+i^'^'i d 



52/s 



J ^) = o((im*), and by our choice of subsequence we have X]i=/3„+i /^^ j — 4^! 
Recalling that > amdm we have that l|84|) is proved. 

To prove ([55]) we break the sum up into two parts depending on whether Mi is "small" or 
"large". Specifically, for e' G (0, 1) we decompose the sum as 



=.(d„ 



(86) 



(87) 
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We get an upper bound for (|86p by first omitting the indicator function inside the expectation, 
and then expanding the sum to be up to > Pm- Thus (j86p is bounded above by 



n.uj . . . ' ' _ "I Um,.u! . . . 



However, since dk grows exponentially fast, the Borel-Cantelli lemma and Lemma l5.4| give that 



E 

i=nfc_i+l 



^i,dk,'^^Mi<d 



o(4 



Therefore, since our choice of the subsequence gives that Um.cj > dm , we have that (|86|) 
tends to zero as m — > oo. 

To get an upper bound for ([57)1 . first note that our choice of the subsequence rt^^ gives 
that e^Vm,uj > eVflmMi J„, for ^-i^Y * G (am, /3m]- Thus, for m large enough we can replace 

the indicators inside the expectations in (f87|) by the indicators of the events {T'if"'' > (1 + 
£\/o.m)p^i J ij}- Thus, for TO large enough and i e (a™, /3m], we have 



^id. 



^^^.d„ 



l^.'f'"'-A',.d„...l>eVW 



^'^,d„ 



f<f'"'>(i+eva;r)M,.i^ 



We want to use Lemma 15.61 get an upper bound on the probability inside the integral on 
the last line above. Lemma 15.61 and the Borel-Cantelli lemma give that for k large enough, 

K'"' (rif"-')^ < 2^j!Mid,,c^' for all nk-i < i < Uk such that M, > d[!^''^^\ Muhiplying by 

(4^i,dfc.(.j)~"' and summing over j gives that E^''^^ e^"i^ K^iJ-i.d,.,^) < 2. Therefore, Chebychev's 
inequality gives 



P: 



Thus, for all to large enough we have for all am < i < Pm < f^fc„ with Mi > dm ^ ''^^ that 



P: 



dx < 



16(4 + £Vam)e 



-(i+£Va;r)/4 2 _ 



Recalling the definition of Vm^uj ~ Yld^a +1 d u' have that as to ^ 00, ([57]) is bounded 
above by 



,3„ 



lim — 



< lim 16(4 + ev/^)e"*^+^^^/'* = 0. 



This finishes the proof of ([55]) and thus of Lemma [5?^ 



□ 
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Proof of Theorem [77^ - 

Note first that from Lemma 14.21 and the Borel-CanteUi lemma, we have that for any e > 0, 
EuT^r,^ = "(^^i^"'^'^''^^), P — a.s. This is equivalent to 

log£;^T^„^ 1 , ^ 

limsup— ^ < -, P-a.s. (89) 

fc^oo log rik s 

We can also get bounds on the probability of E^T^^ being small: 

and since P{Mi > n^^-^'^/') - Csn^-'', see we have P (E^T^^ < n^^-^'^/') < e~"'^\ Thus, 

by the Borel-Cantelli lemma, for 
enough, P — a.s., or equivalently 



by the Borel-Cantelli lemma, for any e > we have that E^T^^ > n^j} ^^^'^ for all k large 



log£;^r^„ 1 ^ ^ 

liminf^ ^ > -, P-a.s. (90) 

fe^oo log Uk S 

Let be the subsequence specified in Theorem 15.71 and define tm ■= E^T^^^ . Then, by 
m and lini^^oo = 

For any t define :— max{X„ : n < t}. Then, for any x G (0, oo) we have 

Pu^i^ <X] = P {Xl^ < XUkJ = Pu (T,„,^ > tra) 



Now, with notation as in Theorem 1 5. 7[ we have that for all m large enough Vf^^ < xrik^ < I'-y^ 
(note that this also uses the fact that Vn/n Epv, P — a.s.). Thus ^ Z ~ 

7V(0, 1). Then, we will have proved that lim,„^oc Puj (^^^ ^ ^ ~ 1 ^"-"^ ^ny x G (0, oo) if we 
can show 

lim 2-=0, P — a.s. (91) 

We prove (|9ip only when x > 1 (the proof when a; < 1 is similar). For m large enough, 
^/9,Ti < "^fcm — ^''^k,„ < i^7,„- Thus, for m large enough. 



EujPxrit.^ EujTyi, E^ 'Ei^.y 1 ' ^ 



< " "l- = i?^"'" (t,^„ - Tito + E 



Since q;„i < /3m < 7„i < for all to large enough, we can apply ([80|) to get 

hm s^"" (r.^,„ - ri'^^'")) < hm El-- (t. - T('^~'") ) = 0. 

Also, from our choice of rifc^ we have that J2i=i3 +i Mi J ^ '2,dm'^ and fm.o; > a-mdU^ . Thus 
(Plj) is proved. Therefore 

/ X* \ 1 
lim P^^ ( — — < x] — Vx e (0,00), 

and obviously lim„i^oo P^ < = since X„ is transient to the right P — a.s. due to 

Assumption [TJ Finally, note that 

Xt - Xt _ XI - _|_ VNt - Xt ^ maxi<t(^'i - Vj-i) ^ VNt - Xt 
log^i ~ log^t log^t ~ log^t log^t 
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However, Lemma 14.41 and an easy application of Lemma l2.1l and the Borel-Cantelli lemma gives 
that 

lim — - — 5 — - =0, P — a.s. 
t^oo log-^ t 

This finishes the proof of the theorem. □ 

6 Asymptotics of the tail of E^T^, 

Recall that E^^Ti, = 1^ + 2 J^'jZo = v + 2 1]i<j,o<i<i/ ntj-, and for any A> I define 

a ^ inf{n > 1 ; Ho^n-i > A] . 

Note that cr— 1 is a stopping time for the sequence Ilo^fc. Now, for any A> \, {a > v} — {Mi < 
A}. Thus we have by that 

Q{E^T^ >x,a>u)= Q{E^T^ > x, Mi < A) ^ o{x-'). (92) 

Thus, we may focus on the tail estimates Q{Ei^Ti, > x,<t < ly) in which case we can use the 
following expansion of E^T^: 

E^n ^iy + 2 J2 J + 2 ^ n,;j + 2 ^ + 2 ^ n,,j- 

i<a<j<cr-l 0<i<j<a-l a<i<j<v i<a-l<j<v 

(T-2 1^-1 

= v + 2W^iRo,a-2 + 2 J2 + 2 J2 ^'.--1 + 2W^--i(l + ■ (93) 

j=0 i=(7 

We will show that the dominant term in (l93l) is the last term: 2Wo— i(l + Ra,iy-i)- A few easy 
consequences of Lemmas 12.11 and 12.21 are that the tails of the first three terms in the expansion 
([93]) are negligible. The following statements are true for any S > and any A > 1: 

Q(y > 6x) = P{v > 6x) = oix'") , (94) 



Q(2M/_ii?o,<T-2 >5x,a <iy) < Q{W-i > V6x) + P(2i?o,^-2 > VSx, a < v) 

<Q{W-i>^/h:) + P{vA>^/5x) = o{x-'), (95) 

g ^2 ^ Woj > 5x,a <i}j < ^' ^2 ^ jA > 5x,a <i)j < P{v^A > 5x) = o(a;-^). (96) 

The fourth term in (I93p is not negligible, but we can make it arbitrarily small by taking A large 
enough. 

Lemma 6.1. For all 6 > 0, there exists an Aq — Aq{S) < oo such that 
pi 2 R^^^^i > 5x\ < 6x-% \fA>Ao{S). 

\ (JA<i<i' J 

Proof. This proof is essentially a copy of the proof of Lemma 3 in [TD] . 
p[2 ^ P,,,_i>fej<p[ -R' > j =p(£l,^<,<,P, > ^x^^z-M 



00 



i=l ^ ^ 
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However, since the event {aA < * < i'} depends only on pj for j < i, and Ri depends only on 
Pj for j > i, we have that 

Now, from (jlip we have that there exists a i^i > such that P(i?o > a;) < Kix^'^ for all a; > 0. 
We then conclude that 



1=1 



<Xi(^) x-^i?p[i/2«+il,,<,]. (97) 



Since Epi^^'^'^^ < oo and hm^^oo P{<^A < i^) — 0, we have that the right side of ([97)) can be 
made less than Sx^'^ by choosing A large enough. □ 



We need one more lemma before analyzing the dominant term in (j93p . 
Lemma 6.2. Eg [W^_ila<,y] < oo for all A > 1 and all t > 0. 

Proof. Since Wa-i = W0.0--1 + Uq^^-iW-i, we need only to show that Eq[Wq „_ilcr<u] < 00 

a<v\ < 00. 

By Assumption [2] we have IIo^ct-i < Pmax^, and Lemma |2. II gives Epv* < 00. Thus, 

i^Q[<.-il.<.] < Ep[cj'nl,^^l,^,] < pl^^A'Ep[iy'] < 00. 
Similarly, since Lemma [2T2l gives EqWti < 00 we have 

EQ[Ill,_,Wt,l.<.] < pI,^A'Eq[WU] < 00. 

□ 

Finally, we turn to the asymptotics of the tail of 2M^cr-i(l + -R(t,i/-i), which is the dominant 
term in (l93ll. 



Lemma 6.3. For any A> I, there exists a constant Ka G (0,oo) such that 

lim x'Q (iy„_i(l + R„.,-i) >x)^Ka, 

X — >oc 

where we use the convention that Wa--i ~ Ra,v-\ = when a > v . 

Proof. The strategy of the proof is as follows. First, note that on the event {cr < we have 
Wa-i{l+Rcr) = Wa-i{l+Ra,u-i)+Wc,-iIla,u-iRu- We wiU begin by analyzing the asymptotics 
of the tails of W^-iil + Ra) and Wa-i^a,u-iRu- Next we wih show that Wo--i(l + RaM-i) 
and Wcr-i^cr,u-iRi' are essentially independent in the sense that they cannot both be large. 
This will allow us to use the asymptotics of the tails of Wa-i{^ + Ra) and Wa-i^a,v-iRi' to 
compute the asymptotics of the tails of Wa~i{l + Ra,^-i)- 

To analyze the asymptotics of the tail of + Ra), we first recall from pTjl that there 

exists a. K > such that P{Ro > x) ^ Kx^^ . Let Ta-i = cr{. . . , ijJa-2,0Ja-i) be the cr— algebra 
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generated by the environment to the left of a. Then on the event {a < 00} , has the same 
distribution as i?o and is independent of Ta-\. Thus, 



hm a;^Q(W^cr_i(l + i?cr) > x,a <v) = Xyccl E 



cr-l 



A similar calculation yields 

lim x^Q {Wa-iIia,i^-iRi' > x,a <v)^ lim Eq 



x'Q R^ > 



= Eq [W^_,U:,^,_,U^,] K. 
Next, since Iia,u-i < ^ on the event {a < we have for any e > that 

Q {Wa-l{l + Ra,y-l) > ex, Wa~lU-a,u-lRp > EX, (7 < v) 

< Q{Wa-i{l + Ra,u-i) > ex,W„^iRi, > Aex,a < v) 



,(J < v 



(99) 



< Eo 



1 + Ra,v-l > 



sx 



W, 



cr-l 



ex 



a < v\Ta-l ]Q\Rv> A— , cr < v\Ta-l 



Q\l + R„> 



ex 



Ru> A 



ex 



(100) 



where the inequality inequality on the third line is because RaM-i and Ry are independent 
when u <v (note that \a <v\ a Jv-i), and the last inequality is because Ra,v-\ < Ra- Now, 
conditioned on Ra and Ry have the same distribution as Rq. Then, since by (|lip there 

exists a K\ > such that P(l + i?o > a;) < K\x~^ , we have that (|100p is bounded above by 

EQ\^l'_^\a^y\ KfA'e~''x~^\ 

Since Eq [W^ti'i-a<J\ < oo by Lemma [6.21 we have that 

lim x'QiWa-iil + Ra.u-i) > ex, Wa-iU^^y-iRu > ex, a < i^) = 0. (101) 

X — >oo 

Therefore, since R^ — Ra.y-i + ^a.u-iRui we have that for any e > 

Q{Wa-l{l + Ra) > (l+£)a;,cr < I/) < QiW^-lil + Ra,^-l) > X , (J < v) 

+ QiWa-lRaM-lR,. > x,a <v) 

+ Q{Wa-i{l + Ra,u-i) > ex, Wa-iUa.y-iRy > ex,a <v). 
Applying (HH) and pOTj) we get that for any e > 

liminfx«Q(l^,_i(l+i?„,,_i) >x,a<v)> KEQ[W',_^U<,]{l+e)-' -KEQ[W',_^Ii% ^^^1,^,] . 

(102) 

Similarly, for a bound in the other direction we have 

Q{Wa-l{l + Ra) > X,a <v) > Q{Wa-l{l + Ra,v^l) > X, or Wa^lIla,i.~lR^ > x,a <v) 

= Q{Wa-l{l + Ra,v~l) > X,a <v) + Q{Wa~l^a,u^lRv > X,a <v) 
- Q{Wa-l{l + Ra,v-l) > X,Wa-l^a,v-lRy > X,a, v) . 

Thus, again applying ([Ml),® and (fTOTj) we get 

limsupa;^Q(M/,_i(l + i?,,,_i) >x,a<v)< KEQ[W',_^\a<A - KEQ[W',_^Ii%^^_^la<A . 

(103) 

Finally, applying (|102p and (|103p and letting e — > 0, we get that 

lim a;^Q(l^,_i(l + Ra,.-i) > x, a < z/) = KEQ[W^^^il - ,_i)la<.] =: Ka, 

X — >OQ 

and Ka G (0, oo) by Lemma [Ol and the fact that 1 — Wa,v-i G (1 — ^, 1). □ 
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Finally, we are ready to analyze the tail of E^T^ under the measure Q. 
Proof of Theorem \1.4\ 

Let (5 > 0, and choose A > Aq{5) as in Lemma [01 Then using we have 

Q{E^T, >x)^ Q{E^T, >x,a>i^) + Q{E^T, >x,a<iy) 

< Q{E^T^ > x,a > iy) + Q{v> St) + Q{2W^iRo.a-2 > St,a < v) 

(a-2 
3=0 J \ aKiKf 

+ Q(2M^,_i(l + Ra.,-i) > (1 - ^5)x, <j<u). 
Thus combining equations ((92)) . ((94)l . (jOS]) . and ((96)) . and Lemmas 16.11 and 16. 3i we get that 

linisupx''Q(£;„r^ >x)< 5 + 2'Ka{1-4:5)-'. (104) 

x — >oo 

The lower bound is easier, since Q{Et^T„ > x) > Q{2Wa-i{l + Ra.u-i) > x,a < v). Thus 

liminf a;"Q(£;„r^ > x) > 2''Ka ■ (105) 

X — *oo 

From (|104p and (jlOSp we can get that there exists a constant Kca G (0, oo) such that lim^i^oo S^if^ 
= Koo- This completes the proof of the theorem. □ 
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